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Factorization scheme dependence of the NLO inclusive jet cross section
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~Received 15 December 1999; published 31 March 2000!

We study the factorization scheme dependence of the next-to-leading order inclusive one jet cross section
ds/dET . The scheme is varied parametrically along the direction that transforms theMS scheme to the DIS
scheme: we introduce a parameterl such thatl50 is MS andl51 is DIS. The factorization scalem is also
varied. We observe a change of69% in the cross section forET550 GeV whenm andl are varied in the
range22<l<2, ET/8<m<2ET . This grows to632% for ET5400 GeV.

PACS number~s!: 12.38.Bx
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Calculations in perturbative QCD involve convention
For example, one conventionally uses the modified minim
subtraction~MS! scheme for renormalization. Within theMS
scheme, one needs to specify a renormalization scalemUV . If
one does a calculation at next-to-next-to-leading or
~NNLO!, it is possible to vary the renormalization scheme
setting the third coefficient in theb function,b3. It is useful
to study the dependence of the calculated cross section
the chosen conventions. Thus, with a NNLO calculation
the total cross section fore11e2→hadrons, one can exam
ine the dependence of the cross section onmUV andb3 @1#.
Studies such as this have a dual purpose. First, we l
about the extent to which our arbitrary choices affect
results. Second, we obtain an estimate, or at least an app
mate lower bound, on the theoretical uncertainty in the c
culated orderas

N cross section arising from uncalculate
terms of orderas

N11 and higher. This is because among t
uncalculated terms are contributions containing factors
ln(mUV) andb3 that cancel themUV andb3 dependence in the
calculated terms. We cannot find all of theas

N11 terms~since
we lack the calculation!, but at least we know the size o
some of them.

In cross sections involving initial state hadrons, the th
retical formula contains parton distribution functions as fa
tors. The calculated result at orderas

N depends on the con
vention we use for collinear factorization. Put another w
the result depends on the definition of the parton distribut
functions. In particular, the result depends on the factor
tion scalemcoll @the scale that appears in the parton distrib
tions f a/A(x,mcoll)]. In NLO calculations of hard cross sec
tions with initial state hadrons, it is common to examine t
dependence of the result onmcoll .

In this paper, we examine a bigger space of conven
dependence. The dependence of the parton distribution f
tions on the factorization scale has the form

f a/A~x,m̃ !5 f a/A~x,m!1
as~m!

2p
ln~m̃2/m2!

3E
x

1dj

j (
b

Kab
(0)~x/j! f b/A~j,m!1O~as

2!.

~1!
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HereKab
(0)(j) is the lowest order Altarelli-Parisi kernel. If we

like, we can redefine the parton distributions according to

f̃ a/A~x,m!5 f a/A~x,m!

1
as~m!

2p (
J50

N

lJE
x

1dj

j (
b

Kab
(J)~x/j! f b/A~j,m!.

~2!

HereKab
(0)(j) is still the Altarelli-Parisi kernel, so that if we

put l05 ln(m̃2/m2) then theJ50 term amounts to a change o
scale, considered at lowest order inas . The essential new
ingredient is that we now have added more terms with k
nelsKab

(J)(j), which can be anything we please.
Let us suppose that we are calculating a cross sections.

If we calculate the hard scattering~partonic! cross section at
leading order, then the orderas change in definition of the
parton distributions caused by varying one of thelJ will lead
to a relative orderas change in the cross section:

ds

dlL
}s3as ~LO!. ~3!

If we calculate the hard scattering cross section at NkLO,
then the NkLO contribution to the hard scattering function
will contain contributions proportional to thelJ raised to
powers up tok, so that thelJ dependence is partially can
celed and

ds

dlL
}s3as

k11 ~NkLO!. ~4!

Suppose that we have a calculation at NLO5N1LO. Then
the change in the cross section induced by changing som
thelJ provides an indication of uncalculated contributions
s that are suppressed by a factoras

2 . Looked at another way
changing some of thelJ provides an indication of the sen
sitivity of the calculation to the arbitrary choice of factoriz
tion convention.

Note that the question of the dependence on the factor
tion convention is analogous to the question of the dep
dence on the renormalization convention. However, in
case of renormalization we are really varying one quant
©2000 The American Physical Society03-1
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as , so that there is a one parameter space of convention
explore if we work at first order,Das}as3as . In the case
of factorization, we are varying functions, the parton dis
bution functions, so that there is an infinite number of p
rameters to examine at first order,D f } f 3as .

In this paper, we restrict the parameter space by tak
N51, with K (1) being the kernel such thatl151 corre-
sponds to changing from theMS scheme to the deep inelast
scattering ~DIS! scheme. We examine the cross sect
ds/dET for pp̄→ jet1X calculated at NLO and look at how
this cross section depends onl0 andl1.

In our calculation, we eliminate theJ50 term in Eq.~2!
and instead change the scalem in the parton distributions
directly, using the parton evolution that is incorporated in
CTEQ4M set of parton distributions.1 This differs from using
the J50 term at fixedm by terms of orderas

2 . Thus, we
have a two dimensional parameter space of convention
explore, specified bym[mcoll andl[l1.

Using the program@2#, we computed the one jet inclusiv
cross sectionds/dET , whereET is the transverse energy o
ith

09400
to

-
-

g

n

e

to

the jet. Suitable modifications for implementing changes
scheme were made. Jet definitions followed the Snowm
cone algorithm with the cone radiusR50.7. We averaged
over the rapidityy in the range 0.1<uyu<0.7. The renormal-
ization scale was fixed atmUV5ET/2 to limit the number of
variables. The factorization scalem was varied in the range
ET/8<m<2ET . The factorization scheme parameterl was
varied in the range22<l<2, with l50 corresponding to
the MS scheme andl51 to the DIS scheme.

We calculate the DIS parton distribution functions fro
the MS ones, with CTEQ4M as our standard starting dis
bution:

f̃ a~x,m,l!5 f
a

MS~x,m!

1l
as~m!

2p E
x

1dj

j (
b

Kab
(1)~x/j! f

b
MS~j,m!.

~5!

The kernelK (1) consists of the usual DIS functions@3#,
the
Kqq
(1)~x!52Kgq

(1)~x!5CFF2S ln~12x!

12x D
1

2
3

2 S 1

12xD
1

2~11x!ln~12x!2
11x2

12x
ln x1312x2S p2

3
1

9

2D d~12x!G ,

Kqg
(1)~x!52

1

2nf
Kgg

(1)~x!5TFF „~12x!21x2
…lnS 12x

x D28x218x21G , ~6!

with q5u,ū,d,d̄, . . . . Here,CF54/3, TF51/2 and the otherKab
(1) are equal to zero.

The jet cross section is originally defined as

s5S as

2p D 2E
0

1

dxAE
0

1

dxB(
a,b

f a~xA! f b~xB!F ŝ0~a,b,xA ,xB!1
as

2p
ŝ1~a,b,xA ,xB!G , ~7!

whereŝ0 is the leading-order~or Born! term, andŝ1 is the next-to-leading-order term. We can selectively turn on or off
NLO term in the cross section. We reexpress this cross section in terms of the new parton distributionsf̃ (x), dropping
contributions suppressed by two powers ofas compared to the Born cross section,

s5S as

2p D 2E
0

1

dxAE
0

1

dxB(
a,b

H f̃ a~xA! f̃ b~xB!F ŝ0~a,b,xA ,xB!1
as

2p
ŝ1~a,b,xA ,xB!G

2
as

2p (
J50

1

lJE
x

1dj

j (
c

@Kac
(J)~xA /j! f̃ c~j! f̃ b~xB!1 f̃ a~xA!Kbc

(J)~xB /j! f̃ c~j!#ŝ0~a,b,xA ,xB!J , ~8!
x-

-
te of

m-
wherel05 ln(4m2/ET
2) and as5as(mUV). The added terms

modify ŝ1 from the standardMS scheme, that is theMS
scheme wherem5ET/2. ~Of course theJ50 term is already
included in the standard program@2#.! Changing both parton

1The CTEQ4M parton distributions incorporate evolution w
both as andas

2 terms in the evolution kernel.
distribution and jet cross section definitions in this way e
actly cancels out contributions of orderas to the change in
s. What remains are the orderas

2 contributions and the ex
tent of the change in the cross section gives us an estima
these NNLO terms.

We first calculate the jet cross sectionds/dET at Born
level at the transverse energyET5100 GeV. Figure 1~a!
shows a contour plot of the fractional difference of this co
3-2
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puted cross section from the standardMS cross section when
l and m are varied. The contours represent 1% change
the cross section. The Born level cross section is very se
tive to changes in conventions; it varies by 40% from
standard value in the region shown in the plot.

In Fig. 1~b!, we show them and l dependence of the
cross section calculated at NLO. The NLO terms cancel
most of the convention dependence and a saddle regio
observed. The maximal change from the standard cross
tion is only 8%. There is a rather broad region in the para
eter space under consideration where the NLO cross se
changes little.

In Fig. 2, we investigate how this result depends onET in
the range 50 GeV<ET<400 GeV. The sensitivities of both
the Born cross section~not shown! and the NLO cross sec
tion to m andl increase with increasingET . However, the
Born cross section is always far more sensitive to thel and
m parameters than the NLO cross sections. At NLO, sad
regions are observed for all values ofET shown, although the
saddle point is not always at the same position in thelm
plane.

We can offer two comments about the results shown
Figs. 1 and 2. First, the choicem5ET/2 is quite felicitous:
with this choice, the dependence onl is almost nil. Second
there is a lot more convention dependence atET
5400 GeV than atET5100 GeV orET550 GeV. ~One
misses seeing this if one looks only at them dependence a
l50. Instead, one needs to varyl andm simultaneously.!

One can use the results of Figs. 1 and 2 to estima
theoretical error to be ascribed to the calculation, as

FIG. 1. Contour plots of the Born and NLO jet cross section
ET5100 GeV with 1% contour lines.

FIG. 2. Contour plots of the NLO jet cross section atET

550 GeV andET5400 GeV with 1% contour lines.
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scribed in the introductory paragraphs. We can estimate
error as the amount by which the cross section changes w
one makes a ‘‘substantial’’ change inm andl. But we need
an a priori decision about what range ofm andl represents
a substantial change. Evidently such a decision must be
jective but we cannot avoid making a choice.

Considerm first. This parameter is supposed to repres
the typical momentum that flows in loops of Feynman grap
for the process. For instance, a good guess would bem
5ET sin(R) whereR50.7 is the cone size. Thusm5ET/2 is
not an unreasonable guess. Clearly such an estimate ca
be good to much better than a factor of two, but our intuiti
is that the estimate should not be off by much more tha
factor of two either. Thus we adopt a factor of two as
measure of a ‘‘substantial’’ scale change.

Now consider the parameterl. The choicel50 repre-
sents theMS convention. The choicel51 represents the
DIS convention, in which the contribution to deeply inelas
scattering from gluon initial partons is canceled by choice
convention. Since this represents a qualitative alteration
how deeply inelastic scattering appears to happen, it se
to us thatDl51 represents a ‘‘substantial’’ change.

We thus propose that the variation in the cross sec
whenm andl vary in the range$D log2(m)561,Dl561%
represents a minimum theoretical error in the sense tha
would be a surprise~to us anyway! if the difference between
the NLO result and a NNLO result were less than that.
more conservative error estimate would come from doubl
the range:$D log2(m)562,Dl562%.

With this understanding, we can read error estimates
of Fig. 2. The minimum error estimate varies from 3%
ET550 GeV to 7% atET5400 GeV. The conservative er
ror estimate varies from 9% atET550 GeV to 32% atET
5400 GeV.

Klasen and Kramer have carried out an interesting inv
tigation @4# that is in some respects similar to that report
here. They calculated the jet cross section at largeET using
the CTEQ3D parton distributions, which are defined with t
DIS convention. They compared this cross section to
cross section calculated using the CTEQ3M parton distri
tions, which are defined with theMS convention. In each
case, they used theŝ appropriate to the parton conventio

FIG. 3. CTEQ4M, CTEQ4D and calculated gluon distribution
m5200 GeV.
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They found a large difference. We agree with this result.
have calculatedds/dET at ET5400 GeV withm5ET/2 us-
ing CTEQ4D parton distributions and the DIS version ofŝ.
We find that this DIS cross section is 33% greater than
correspondingMS cross section calculated using CTEQ4
parton distributions and theMS version ofŝ. How can this
be consistent with Fig. 2, which indicates that the DIS cr
section (l51) differs from theMS cross section (l50) by
less than 1% form5ET/2? The answer is that the DIS parto
distributions obtained from the CTEQ4M distributions b
using the transformation~5! are not the same as th
CTEQ4D parton distributions.

We can comment in more detail. The CTEQ4D distrib
tions are not obtained from the CTEQ4M distributions
using Eq.~5! but are instead obtained by fitting the world
data using a DIS version of NLO theoretical formulas.
Fig. 3 we display the gluon distribution atm5200 GeV as
given by the CTEQ4M set, by the CTEQ4D set, and by
calculated transformation~5! from the CTEQ4M set. We se
that the DIS gluon distribution calculated using Eq.~5! is
09400
e

e

s

-

e

negative forx.0.5 for m5200 GeV. The CTEQ4D gluon
distribution is positive for allx. ~This is a constraint imposed
in the fitting procedure.! Thus the CTEQ4D gluon distribu
tion is substantially larger at largex than it might have been
This does not create a bad fit since there are essentiall
data that constrain the gluon distribution at largex @5#. The
larger gluon distribution leads to a larger jet cross secti
Thus the 33% change in the calculated cross section ca
attributed to the uncertainties in fitting parton distribution
arising ultimately from the fact that the gluon distribution
largex is not constrained by data.

In summary, we have investigated a two dimensio
space of factorization schemes. The dependence of the
cross section on the two parametersm andl is moderate in
the range 50 GeV<ET<400 GeV. The sensitivity tom and
l increases asET increases. Within the space investigate
the choicem5ET/2, l50 ~the MS scheme with a standar
choice of scale! seems as good as other nearby choices
will be interesting to see whether these conclusions cha
when we investigate a bigger space of factorization schem
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